Introduction and Main results
Take transverse immersions f : S i , where (i, j, k)=(1,2,3), (2, 3, 1) , (3, 1, 2 ). An orientation is given to each naturally. In this paper, we discuss which ones we obtain.
In order to state our theorems, we need some definitions. We work in the smooth category.
j is a closed orientable connected surface and is oriented naturally. Hereafter, a surface will always mean a closed oriented connected surface unless otherwise stated.
A surface-(F 1 , ..., F µ )-link is a submanifold L = (K 1 , ..., K µ ) of S 4 such that K i is diffeomorphic to the oriented surface F i . If µ = 1, L is called a surface-F 1 -knot. A surface-(F 1 , F 2 )-link L = (K 1 , K 2 ) is called a semi-boundary link if [K i ] = 0 ∈ H 2 (S 4 − K j ; Z) (i = j) ( [18] ). A surface-(F 1 , F 2 )-link L = (K 1 , K 2 ) is called a boundary link if there exist Seifert hypersurfaces V i for K i (i = 1, 2) such that 
We state the main theorem.
We review the Sato-Levine invariants in §2. Since there exists a triple of surface-links 
We prove the following sufficient conditions for the realization.
We give problems. (2) Is the inverse of Theorem 1.1 valid?
Note. (i) Using a result of [15] (See §2.), one can show Problem 1.6.(3) follows from Problem 1.6.(2).
(ii) By Theorem 1.5, if the answer to Problem 1.6.(3) is negative, then the answer to an outstanding problem: "Is every (S 2 , S 2 )-link slice?" is negative. (Refer to [5] , [6] , and [12] for the slice problem.) This paper is organized as follows. In §2 we review the Sato-Levine invariant. In §3 we prove Theorem 1.1. In §4 we prove Theorem 1.3. In §5 we prove Theorem 1.4. In §6 we prove Theorem 1.5.
The Sato-Levine invariant and spin cobordism
The Sato-Levine invariant is defined by Sato (in [18] ) and Levine (unpublished) independently. It is easy to prove that the following definition is equivalent to theirs.
By [17] and [18] the following holds.
Theorem. ( [17] and [18] ) Let F 1 be an oriented closed connected surface not diffeomorphic to the 2-sphere. Let F 2 be an arbitrary oriented closed connected surface. Then there exists a semi-boundary (F 1 , F 2 )-link whose Sato-Levine invariant is one.
In [15] Orr proved the following.
The Sato-Levine invariant and its generalization are studied in [1] , [2] , [3] , [4] , [7] , [8] , [10] , [11] , [16] , [19] , [20] , P.103 of [21] , etc. [2] says that the Sato-Levine invariant is connected with [9] .
3 The proof of Theorem 1.1.
Claim. There exist Seifert hypersurfaces
as the result of rotating S Take a Seifert hypersurface A
(
Replace (1,2,3) with (2,3,1) (resp. (3,1,2)) in the above proof. Then we obtain A 2 (resp. A 3 ). We now obtain A 1 , A 2 and A 3 so that we keep the immersion f . This completes the proof.
Put
4 The proof of Theorem 1.3
is called a pair of surface-F -knots if both K 1 and K 2 are F -knots. A pair of F -knots (K 1 , K 2 ) is said to be realizable if there exists a transverse immersion f : S 
We prove:
Proposition 4.1. Let K be a surface-knot. Then the pair of surface-knots (K, K) is realizable.
Take an embedding f : S There exists a chart U of S 6 such that S 6 to realize the pair of surface-knots (K, K) with the following properties.
(1) g|S
We modify the embedding f to obtain an immersion g.
Take any Seifert hypersurface
Then Σ is an embedded 4-sphere. We define g|S You can obtain this figure by clicking 'PostScript' in the right side of the cite of the abstract of this paper in arXiv (https://arxiv.org/abs/the number of this paper).
You can also obtain it from the author's website, which can be found by typing his name in search engine.
By the definition of L i , the T 2 -knots K 12 and K 21 are equivalent. Therefore there is an immersion g : S 
S
6 to realize (L 1 , L 2 , L 3 ) with the following properties.
3 ) is the trivial 3-knot.
Proof. We modify the immersion g to obtain an immersion g.
). There is a Seifert hypersurface V 12 for K 12 so that V 12 ∩ K 13 = φ. Take V 12 as a Seifert hypersurface used in the proof of Lemma 4.2. Recall V 12 and K 13 are in R Proof. Let L be a split surface-link with components K 0 and −K 1 . It suffices to prove:
Claim. There exists a submanifold of S 4 which is diffeomorphic to
Let V be a connected Seifert hypersurface for L. A spin structure on V is induced from the unique one on S 4 . A spin structure on ∂V is induced from the one on V . Make a closed spin 3-manifold W = V ∪ (F × [0, 1]) so that the spin structure on V extend to the one on W . Note W is not a submanifold of S 4 . Since Ω spin 3 = 0, there exists a spin 4-manifold X which W spin-bounds. Since V and F × [0, 1] are connected, we can take a handle decomposition Since K 2 and K 3 are cobordant, there is a compact oriented 3-manifold P in f (S 
